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Abstract 



Unstable minimal surfaces are the unstable stationary points of the Dirichlet integral. In 
order to obtain unstable solutions, the method of the gradient flow together with the minimax- 
principle is generally used, an application of which was presented in |St2j for minimal surfaces 
in Euclidean space. We extend this theory to obtain unstable minimal surfaces in Riemannian 
manifolds. In particular, we consider minimal surfaces of annulus type. 

1 Introduction 

For given curves Ti C N, I = 1, m and r := T\ U • • ■ U T m , where (N, h) is a Riemannian 
manifold of dimension n > 2 with metric {h a p), we denote the generalized Plateau Problem 
by y(T). This deals with minimal surfaces bounded by T, in other words parametrizations 
X defined on E C K 2 with <9X = T, satisfying the following constraints: 

(1) r h (X) = 0, 

(2) \X U \\ — = (X u ,X v )h = 0, 

(3) X\qy, is weakly monotone and onto T, 

where Th '■= AX a — T^VX^X 7 = is the harmonic equation on (N,h) seen as the Euler- 
Lagrange equation of the energy functional. 

A regular minimal surface is called unstable if its surface area is not a minimum among 
neighbouring surfaces with the same boundary. 

Extending the Ljusternik-Schnirelmann theory on convex sets in Banach spaces, a variational 
approach to unstable minimal surfaces of disc or annulus type in 1" was proposed in 1983 
( |Stl| . see also |St2j [St3] ). For the minimal surfaces of higher topological structure in M n , it 
was studied in [JSj . 



Recently in |Hoj . the existence of unstable minimal surfaces of higher topological structure 
with one boundary in a nonpositively curved Riemannian manifold was studied by applying 



1 This paper is based on my thesis [Kil| supervised by Professor Michael Griiter 
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the method in [St2| . In particular, the first part of that paper considers the Jacobi field 
extension operator as the derivative of the harmonic extension. 

In this article, we study unstable minimal surfaces of annulus type in manifolds. The Eu- 
clidean case was tackled already in |St3] , and our aim is to generalize this result to manifolds 
satisfying appropriate conditions. Namely, we will consider two boundary curves Ti,!^ in a 
Riemannian manifold (N, h) such that one of the following holds. 

(CI) There exists p £ N with Ti,!^ C B(p,r), where B(p,r) lies within the normal range 
of all its points. We assume r < 7r/(2y / K), where k is an upper bound of the sectional 
curvature of (N, h). 

(C2) N is compact with nonpositive sectional curvature. 

These conditions are related to the existence and uniqueness of the harmonic extension for a 
given boundary parametrization. 

First, we construct suitable spaces of functions, the boundary parametrizations, distinguish- 
ing the cases (CI) and (C2). We introduce a convex set which serves as a tangent space for 
the given boundary parametrization. Then we consider the following functional: 



where ${x) denotes the harmonic extension of annulus type or of two-disc type with boundary 
parametrization x. We next discuss the differentiability of £, in particular for the case in 
which the topology of the surfaces changes (from an annulus to two discs). Defining critical 
points of £, will show the equivalence between the harmonic extensions (in N) of critical 
points of £ and minimal surfaces in N. The .£f 2,2 -regularity of the harmonic extension of a 
critical point of £ (see the appendix or |Ki2| ) plays an important role in the argument. 

In section HI we prove the Palais-Smale condition for £. In particular, we investigate carefully 
the behaviour of boundary mappings which are fixed at only one point. In order to deform 
level sets of £, we also construct a suitable vector field and its corresponding flow. 

Roughly speaking, Lemma 14.31 shows that the energy of some annulus-type harmonic ex- 
tensions is greater than that of two-disc type harmonic extensions by a uniformly positive 
constant. Although this result refers to Riemannian manifolds, it turns out to be more restric- 
tive than that of Euclidean spaces, which holds uniformly on any bounded set of boundary 
parametrizations. This somewhat weaker result is anyhow enough for the present purposes. 

Following the arguments set out in [Stlj . we can prove the main theorem of this paper. This 
states that if there exists a minimal surface (of annulus type) whose energy is a strict relative 
minimum in S(ri,r2) (suitably defined for each case (CI) and (C2)), the existence of an 
unstable minimal surface of annulus type is ensured under certain assumptions related to the 
solutions of T(Ti). We eventually apply this result to the three-dimensional sphere S 3 and 
the three-dimensional hyperbolic space H^, whose curvatures are 1 and —1, respectively. 
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2 Preliminaries 

2.1 Some definitions 

Let (JV, h) be a connected, oriented, complete Riemannian manifold of dimension n > 2, 
embedded isometrically and properly into some M. k as a closed submanifold by means of 
the map r\ ( |Gro] ). Moreover, dio and do denote the area elements in S! C K 2 and in dQ 
respectively. 

Indicating 

B := {w G R 2 | |w| < 1} 

we define 

H 1 ' 2 r\C G {B,N) := {/ G ^nC^B.M^I/^) C TV} 
with norm ||/||i, 2 ;0 := \W\\ L 2 + ||/||c°- Now set 

TjH 1 ' 2 n C°(B, N) = {V G fl" 1 ' 2 nC°( J B,R fc )|y(-) G T /W JV} =: H 1 ' 2 nC°(B, f*TN), 
with norm 

(1) := ( / |V^||dw)3 + \\V\\ c o = ( / \dV\l k duY + \\V\\ C0 . 

Jb Jb 

Let r be a Jordan curve in N diffeomorphic to 5 1 := dB. Then N can be equipped with an- 
other metric h such that T is a geodesic in (N, h). We observe that -ff 1,2 nC°((i?, dB), (N, T)^j 
and H 1 ' 2 nC°((B,dB),(N,T) h ) coincide as sets. 

Using the exponential map in (JV, h), we let 

H^ 2 nC (dB;T) := {u G H^' 2 n C°(dB, R k )\u(dB) = F}, 

where the norm is given by ||u||i 2 . := ||d?£(it)||£2 + ||m||co, and "K(u) is the harmonic 
extension in R k with JC(n)|as(-) = u(-). In addition 

T u m' 2 n C°(dB;F) := G H^ 2 n C°{dB, u*TN)\£(z) G T u{z) T, for all z G dB} 
= H^' 2 nC°(dB,u*TT). 

Finally, the energy of / G H 1,2 (Q, N) is denoted by 

E(f) -=\! \df\Uw. 
z Jq 

2.2 The setting 

Let Ti, r 2 be two Jordan curves of class C 3 in N with diffeomorphisms 7* : dB — > Tj, i = 1,2, 
and dist(Ti,r 2 ) > 0. For p G (0, 1) let 

A p := {w e B \ p < \w\ < 1} 
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have boundary C\ := dB and C p := dB p =: C2 (p fixed), and indicate 

^mon := i xl ^ H2' 2 n C°(dB; Ti) I x 1 is weakly monotone and onto Ti with degree 1}. 

I) We first consider the following condition for (N,h)(D Ti,]^). 

(CI) There exists p G N with Ti,^ C B(p,r), where B(p,r) lies within the normal range 
of all its points. We assume r < 7r/(2y / K), where k is an upper bound of the sectional 
curvature of (N, h). 

Throughout the paper, B(p,r) denotes a geodesic ball with center p G N as in (CI). 
We can easily observe the following property (see |Ki2| ). 

Remark 2.1. i/ri,r 2 C N satisfy (CI), then for each x i G H^ 2 n C°(dB;Ti) and p G 
(0,1) there exist g p E H 1 ' 2 n C°(A P , B(p, r)) and ^ G F 1 ' 2 n C°{B,B(p,r)) with g p \ Cl = 
9p\c p (-) = x 2 {-) and g % \ dB = x\ i = 1,2. 

Prom the results in [HKWj . [JK] and the above remark, we have a unique harmonic map of 
annulus and disc type in B(p, r) C N for a given boundary mapping in the class H z' 2 n C°. 
Now we define 

M % := {x l G XJnon I x 1 preserves the orientation}. 

Then M l is complete, since the C°-norm preserves monotonicity. 
Moreover, let 

§(r!,r 2 ) = {X £ H 1 ' 2 nC°(A~ p ,B(p,r))\0 < p < 1, X\ Ci is weakly monotone}, 
8(Ti) = {X G F 1 ' 2 n C°(B, B(p, r))\X\ dB is weakly monotone}. 

II) We now investigate another significant condition for (N,h). 
(C2) N is compact with nonpositive sectional curvature. 

A compact Riemannian manifold is homogeneously regular and the condition of nonpositive 
sectional curvature implies ^(AQ = 0. 

In order to define M% we first consider for p G (0, 1) the following 

G p := {/ G H 1 ' 2 n C°(A p ,N)\ f\d is continuous, weakly monotone and onto Ti}. 

We may take a continuous homotopy class, denoted by F p C G p , so that every two ele- 
ments f,g in F p are continuously nomotopic / ~ g (not necessarily fixing the boundary 
parametrization). We further demand some relation F p ~ F a to hold for any p, a G (0,1). 
Precisely, for some / G F a , f G F p and some diffeomorphism r„ : [a, 1] — > [p, 1], we require 
f(r, 9) = f(r£(r), 6). Let F p be fixed. Then for any a G (0, 1) we can find F a with F p ~ F a . 

We now consider all possible H 1,2 Pi C°-extensions of disc type in N: 

S(r<) := {A G # 1,2 n C°(B, N)\X\qb is weakly monotone onto TJ, 
assuming that this set is not empty, for each i = 1,2. 
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Lemma 2.1. (i) For X 1 G S(Ti) and X 2 G S(T 2 ) there exists f p G iT 1 ' 2 n C°(^ p , TV) suc/i 
that f p \ Cl (-) = X% B {-) andf p \ Cp {-) = X 2 \ dB (-), for p £ (0,1). 

(«J Moreover, there exists po G (0, 1) and a uniform positive constant C such that for some 
f p G if 1 ' 2 n C°(A P , JV), Witt / p | Cp (-) = x 2 | as (-) 

(2) E{f p ) < C, for all p < p . 

Proof, (i) For a given e > 0, take a-i > with oscb ct .X* < e. Choose p > with ^ < 01, 
and let "K : B ai \B_e_ -> M fe be harmonic with X^r -X^O) on and X 2 | 9 n -X 2 (0) 

a 2 12 

on 55 _e_. This implies ||JC|| c o < e. Now let o G H 1 ' 2 nC (B ai \BjL, N) with X^O) on <9£ CT1 
and X 2 (0) on OBjl. 

Considering coordinate neighbourhoods for the submanifold X ^ we may take a finite 
covering of f p ((A p )), and by projection we obtain a smooth map r : N$(f p (A p )) — ► X with 
r lj\r a (/ (X"))niV = ^ ^ or some ^ > 0, where N^Q is ^-neighbourhood in Setting T(s,6) := 
(-p,9) in polar coordinates, we can define / p with the desired properties: 

X^bvb^ , on £\-B CT1 , 

(3) fp -={ ro (g + K) , on B ai \B_e_, 

X 2 {T-\-)) , on 

CT 2 

(ii) The claim follows from the above construction, since -f^ < a\, p < p$ lor some po > 0. □ 

Under the assumption that S(Tj) ^ 0, for given Tj G X we have an annulus-type-extension 
like that of ([3]), and we take homotopy classes which contain such an extension. From now 
on twiddles will be dropped. 

Define 

(4) S(Ti,r 2 ) := {/GF p |0<p<l}, 

as well as the two function spaces 

M 1 := {x x (-) = /|ci(0> / ^ §(Ti,r2)| x 1 is orientation preserving with degree 1}, 
M 2 := {x 2 (-) = f\c p ('P), f £ §(ri,r2)| a; 2 is orientation preserving with degree 1}. 

For x l G XJnon, { H p (x 1 ,x 2 ) denotes the unique R fc -harmonic extension on A p with on 
C\ and £ 2 (-) on C p , while "K(x) is the M fc -harmonic extension of disc type with boundary 
x G t JC r 



"mon' 



Lemma 2.2. (i) For each x l G M % , i = 1,2, i/iere exists e(x l ) > smc/i i/toi 
i/ x l G X^ ort urei/i — Xq\\i 2 . < e 5 *^en £ 
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(ii) M 1 is complete with respect to II • II 1 9 . . 

Proof, (i) Let f p G F p with f p \ Cl = xj and f p \c„{-) = y 2 ( p ) for some y 2 G M 2 . 

We consider the smooth retraction r : 'Ng(fJAp)) — > Af as in the proof of Lemma |2.H Let 



Xnlli 2 ^ £ ^ ^" Then by Lemma 4.2 from |St3] 



^(rC/p + ^C^-^.O)))!^ 

<C([|/ p [| c o,£,Af)( / \df p \ 2 du+ I \dKix 1 -xl)\ 2 du) < C(\\f p \\ lj2;0 ,£,N). 



Now, let H(t,-) := (1 - t)0i p {ap- - xj,0) : [0,1] x 4^ with ||iT|| c o < e and G : 
[0, 1] x A p -> iV with •) = for all i G [0, 1]. Since r(G + H) : [0, 1] x A p -»■ AT is a 
homotopy between / p and r(f p + !H p (x 1 — Xq, 0)), it follows r(f p + 'K p (x 1 — Xq, 0))(~ / p ) G F p , 
and x 1 G M 1 . Similarly, we can prove that x 2 G M 2 if ||x 2 — Xq|| i 2 . < e' for some small 
e' > 0. 

(lij A Cauchy sequence {x^} C M ! converges to x l G H^' 2 n G°(9i?;rj), and for some n, 
ll x n ~~ xi |lc° < e - Considering ^(x 1 — X* , 0) and g p G F p with x^ on C\ and on C p , we can 
find a homotopy in A" between g p and r{g p + ^(x 1 — xj, 0)) as in (i). We may also apply 
this argument to x 2 . Note that x 1 is weakly monotone, and hence x % G M i , concluding the 
proof. □ 

Prom the proof we easily conclude that the set of x l, s which possess annulus- type-extensions 
with uniform energy with respect to p < po is an open and closed subset of X^^. Thus, 
it is a non-empty connected component of ^ mon and must coincide with M 4 , since M % is a 
connected subset of jC l mon . Hence we obtain the following property. 

Remark 2.2. For each x i G M i , i = 1, 2, there exist f p G §(T 1 , T 2 ) andC > with E(f p ) < C 
for all p < po and some po G (0, 1). Clearly, this result also holds for x l G M l if we assume 
(CI). 

For disc-type extensions of x l G M % the following lemmata will be useful. 

Lemma 2.3. Let (N, h) be a homogeneously regular manifold and u an absolutely con- 
tinuous map of dB r (xo) into N 3 xq with Jq™ \u' (9)\\d9 < Then there exists f G 
H 1 > 2 (B r (x ),N)nC°(B^o),N) with f\ dBr[xo) = u and E Br(xo) (f) < ^ J* n \u'(9)\ 2 d9, 
where C",C are the constants defined by homogeneous regularity. 

Proof. See [Mo] Lemma 9.4.8 b). □ 
Lemma 2.4. Let f p G H 1 ' 2 (A p , N), < p < 1. For each 5 G (p, 1) there exists r G (S, VS) 



with J" ( 



2tt 




df P {r,9) 



d9< 4 -m. 
h ln i 
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Proof. Similar to the proof of the Courant-Lebesgue Lemma. □ 

For x 1 G M l , and given the choice of S(ri,r2), Remark 12.21 tells that we can find f p G 
H l ' 2 {A p ,N) with boundary x % such that E(f p ) < C for all p < pq. Then from Lemma 12.41 
and Lemma 12.31 we have g T G H 1,2 (B T , N) with boundary f p \dB T for some p. Together with 
g T and f p \B\B T > we obtain a map X G H 1,2 (B, N) with boundary x 1 . Similarly, we have 
X G H^ 2 {B,N) with boundary x 2 . 

Moreover, the harmonic extension of disc type for each x % G M l in N is unique, independently 
of the choice of homotopy class S(ri,r2), because of the following well known fact. 

Lemma 2.5. ^(N) = 44> Any ho, hi G C°(B,N) with /io|aB = hi\dB ar ^ homotopic. 

On the other hand, using the construction §3§ and the previous Lemma we can easily check 
that the traces of the elements in §(Ti) belong to M\ From |ESj . [Lej . |Hm| . we then have 
the following. 

Remark 2.3. (i) For x l G M % , there exist a unique harmonic extension of disc type on B 
and of annulus type on A p , p G (0, 1). 

(ii) The elements of M l are the traces of the elements ofS(Ti). 

Ill) Now let (N,h) and r ia i= 1,2 satisfy (CI) or (C2). 

Observing dB = M/2tt, for a given oriented y l G X^on there exists a weakly monotone map 
w i G C°(R,R) with w l {6 + 2vr) = u>'(0) + 2vr such that y l {6) = f {cos^ {9)) , sm(w i {6))) =: 
7* o w l (6). In addition w s = u>* + Id for some w % G C°(d.B,R). 

Denoting the Dirichlet integral by D and the R fe -harmonic extension by JC, let 

tf/j* := {w i G C°(R,R) | is weakly monotone, w i (0+2ic) = w 1 (9)+2tt; DpCfrW)) < oo}. 

Clearly, W^ k is convex (for further details, refer to |Stlj ). 

Now take x % G M\ Considering w — w l as a tangent vector along w l , let 

7 x i = {dj l ((w - w 1 )-^- o w l ) | w G Wl fe and 7* o w' = x 1 }. 

Note that 7 x i is convex in T x tH^ ,2 T\C Q {dB; I\) 3 since Wlj. is convex. For £ = d r y t ((w — w l )-^o 
w % ) G T x i we have that exp x .i£ = 7 l ("U>), exp denoting the exponential map with respect to 
the metric h. 

If (CI) holds, then clearly exp^ G M % for £ G 7 X %. For the case (C2), let us recall the proof 
of Lemma 12.21 Since N is compact, there exists k > 0, depending on 7*, such that for any 
x l G M\ exp^ G M l , provided that U\\r xi < k- 

The following set-up holds true in both cases (CI) and (C2). 
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Definition 

(i) Let M := M 1 x M 2 x (0, 1) with the product topology and x := (x 1 ,^ 2 ,/)) G M. Then 
the set T^M := 7 x i x 7 X 2 x R is convex. 

Let 7{x) = 7{x l ,x 2 , p) = 7 p (x 1 ,x 2 ) : A p — > N be the unique harmonic extension with 
x 1 on C 1 and x 2 (-) on C 2 , and define 

£ : M — ► R 

x i — ► £(J(x)) := - / \d7 p (x\x 2 )\ 2 h duj. 
2 Ja p 

(ii) Define <9M := M 1 x M 2 x {0}, T^dM := 7 x i x T a . 2 and M := M U <9M. 

Let 7 l {x l ) : A p ^ N be the unique harmonic extension with boundary x l , for x = 
(x l ,x 2 ,0) G <9M, and define 

£(x) := J B(3- 1 (x 1 ))+ J E(J 2 (x 2 )). 
2.3 Harmonic extension operators 

Let f2 = A p or O = B. A weak Jacobi field J with boundary £ along a harmonic function / 
is a weak solution of 

/ (VJ, VI) + (tr J2(J, df)df, X)du = 0, 
./n 

for all X G H 1,2 (Q, f*TN) with = £. Weak Jacobi fields are natural candidate deriva- 

tives of the harmonic operators 7 p and GP. 

We have the following property of weak Jacobi fields, from [HoJ. 

Lemma 2.6. The weak Jacobi field 3 with boundary rj G T x iHz' 2 n C° along a harmonic 
7 with boundary x l is well defined in the class H > 2 and continuous up to the boundary. It 
satisfies 

P^llc - llJ^laollc ! llJ^lli^o < C(N, \\f\\i t 2:o)\\J?\dn\\ i >2; o- 
Now we can discuss the differentiability of harmonic extension operators. 

Lemma 2.7. The operators 7 p ,7 l are partially differentiable in x 1 (resp. x 2 ) for variations 
inT x iH2' 2 r\C° (resp. T x 2Hz ' 2 nC°). Their derivatives are continuous Jacobi field operators 
with respect to x^x 2 . 

Proof. The proof reproduces an argument we shall explain in full detail in Lemma I3.1J 
cases (B), (C), and as such will not be anticipated here. Alternatively, one can follow the 
aforementioned |Hoj . □ 
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3 The variational problem 

3.1 Differentiability of £ on M 
Lemma 3.1. The following hold: 

(A) £ is continuously partially differentiable in x l ,x 2 with respect to variations in 7 x i, 7 X 2 
and the derivatives are continuous on M 1 x M 2 . 

(B) £ is continuous with respect to p E [0, 1) ; even uniformly on N £ (ccg) for some e > 
independent of Xq E M % , % = 1,2. 

(C) The partial derivatives in x ,x 2 are continuous with respect to p £ [0,1), uniformly 
continuous on r N e (x t ) for some e > independent of x 1 q E M % , i = 1,2. 

(D) £ is differentiable with respect to p E (0,1). 

Proof. From now on, continuity will be understood in the sense of convergence of subse- 
quences. 

(A) The Dirichlet integral functional is in C°°, so Lemma f2 . 71 guarantees that £ is continuously 
partially differentiable with continuous partial derivatives on M 1 x M 2 . 

Computation of the derivatives: 

Let x = (x 1 ,^ 2 ,/?) E M, f 1 E T x i. By Lemma 12.21 there is a small to > such that 
Sp^if 1 ) E M 1 , < t < t . Thus, 

(5 x i8,,^) := ^ 8,(exp x i(t^),x 2 ,p) 



(d J p (x 1 , x 2 ) , VD xl ? p (x 1 , x 2 ) (f 1 ) ) h dw 

(5) = / (d? p (x\x 2 ),VJ? p (Z\0))hduJ (by Lemma £7} , 

JA P 

since by computation we obtain, with $ p (t) := 3~ p (exp^i^ 1 ), a; 2 ) , 

V d (jlMdx 1 ® ^ o y p (t)^ = V^3p (Sp,!^ 1 ),^) (= V {D x ^ p {x\x 2 ){e)) ,t = 0). 

For i 2 E 1^2 Lemma O yields (5 x2 £,£ 2 ) = J A (d^x 1 ^ 2 ), VJ? p (0,Z, 2 (^))) h du;. Similarly, 
for x = {x\x 2 ,0) E dM, (^£,f ) = ! B {d"P{x% VJ^(f )) fc dw,i = 1,2. 

For (B) we shall split the proof into three sub-steps -BT), -B-II), B-lll). Similarly for (C) we 
shall have C-I), C-II), Mil). 

5-1) The set-up. 
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The claim is that £ is continuous when p —* po Fixing po = is no great restriction, since 
the proof for pq G (0, 1) carries over in an analogous, even easier, fashion. Taking po = 
translates our claim into 



(6) 



loK^x 1 , x 2 )^ h duo 



d3 1 {x l )\ 2 h duj+ I \d? 2 (x 2 )\ldLU 



uniformly on J\T £ (xq) for some e > independent of x l G M l , whenever p — > 0. 

Let J p := 3 f p {x 1 ,x 2 ) and T := T(x i ),i = 1, 2. By Lemma [2^1 for each 5 with < p < 5 < 1 
there exists v G (5, V<5) such that 

r2n d? p (v,9) 



(7) 



90 




09 



de 



< 



c 



Due to Remark 12.21 C is independent of p < pq, for some po £ (0, 1). 
By means of 3 p we now construct two maps by setting 



(8) 



fu '■ A v 
lis ■ A„i 



N 
N 



with 
with 



f»(re W ) 
9»>(re ie ) 



G A„ 



3" p (re ie ), re 1 
- 3 p (T(re i6 )), re l9 eA 



The constants v' := z/ G (<5, \/<5) and 5 G (p, 1) satisfy the property (|7|) in the limit 



u', v — ► for p — > 0. (One can take for instance (5 = */p)- The map T(re 



i0\ 



: e goes from 



A v i to B u \B p surjectively. Then, f v and are harmonic maps into N with /^las 

9u'\dB 

E(? p ) = E(3 p \ Av 
integral. 



„i 



a; and oscgs v fu — * 0, oscqb v ,9u' — > as p — ► 0. Moreover, since T is conformal, 
+ E(!J p \b v \b ) = E{f u ) + E(g v i) by conformal invariance of the Dirichlet 



The convergence of {ft/} to CP. 

We first investigate the modulus of continuity of harmonic maps {hp} ■ A v — > N which 
converge uniformly (C°-norm) on OB with E(h u ) < L for some L > 0, independent of v < Uq 
for some v$ G (0, 1). We shall only deal with the assumption (C2), because the argument can 
clearly be applied to the case (CI) as well. 



Let Gr := Br(z) C A v for v < u . If z G dB, consider Gr := Br(z) n A v . Given 
e > 0, by the Courant-Lebesgue Lemma there exists 5 > 0, independent of u < uo, such 
that the length oih„\dG s does not exceed min{|,^p}, i(N) > 0. Then h u \gG s C B(q,s) 
for some q £ N, s < min{|, ^y^}. Observe that h u is continuous on OGs, and there exists 
an if 1,2 -extension X of disc type, whose image is in B(q,s) with X\qb s = h u \dB S i by the 
same argument of Remark 12.11 Thus there exists a harmonic extension b! with h'(Gg) C 
B(q,s) C i?(g, §), by [HKWJ. From Lemma [23j h! is homotopic to /i on Gg, and from the 
energy minimizing property of harmonic maps, H v \g s = h' . Hence, the functions h u with 
v < vq have the same modulus of continuity. Furthermore, if these mappings have the same 
boundary image, they are C°-uniformly bounded on each relatively compact domain. 
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Now apply the above result to {$ p , p < po} in R fc . For some pq G (0, 1) then, the functions 
f u resp. g u i have the same modulus of continuity for all p G (0, po), and some subsequences, 
denoted again by /„ resp. g v i are locally uniformly convergent. 

Recall that our maps are continuous, so by localizing in both domain and image, harmonic 
functions, seen as solutions of Dirichlet problems, may be also regarded as weak solutions / 
of the following elliptic systems in local coordinate charts of N: 

(9) didit = -T^dkfdiP =: G a (-, /(•),#('))• 

We can take the same coordinate charts for the image of {f u }u<u and {g u >} u > '< v ' , where 
vq := f(po), v'q := ^'(po)> to the effect that we have the same weak solution system for ([9]). 
Moreover, since h a p and are smooth, the structure constants of the weak systems (see 
po] section 8.5) are independent of p < po. 

Now consider K% = {a < \z\ < 1 — a}, a G (0, 1). From the regularity theory of [LU] and 
[Jo](section 8.5) and by the covering argument, there exists C G E such that ||/i/|ftr^||^4,2 < 
C for all v G (0, vq). Hence the Sobolev's embedding theorem implies that for some se- 
quence {p t } C (0, 1), lim Pi _ /„(«)k? = /' in C 2 (K^,R n ), with r h (f) = in K%. 

For a := ^, we choose a sequence {f u (p ni )} as above such that {p n+ i t i} is a subsequence of 
{p n ,i}- By diagonalizing we obtain a subsequence {f u ( Pn „)}i n > n o which converges locally 
to /' in the C 2 -norm, so /' is harmonic on B\(dB U {0}). 

On the other hand j v \dB = x f° r ah v, an d the f u 's converge uniformly to /' in a compact 
neighbourhood of dB. Thus, /' is continuous on i?\{0} with f\dB = x . Also observe that 
oscQB r f — > as r — > 0, by construction. 

For each compact K C -E>\{0}, f K \df'\ 2 du> = lim Pi ^o Jk \df u ( Pt )\ 2 < L, with L independent 
of K. Thus, /' G H 1,2 (B\{0}, N), and /' can be extended to a weakly harmonic map on B 
( [Jo] Lemma 8.4.5, see also |SkU] . [Grii] ) . Thus, /' can be considered weakly harmonic and 
/' G C°(B, N) n C 2 {B, N) with f'\ 9B = x l , so uniqueness forces /' = ^(x 1 ). 

Similar results hold for g v i . 

5-III) The convergence of the energy. 

We consider 770/, and denote it again by / := (f a ) a =i — k £ H 1,2 (Q,M. k ) for obvious reasons. 

Since r, is isometric, for / := (f a ) a=1 ,.., n € H^faN) we have f n \d(f a )\ 2 dio = J n \d(f a )\ 2 Rk dLO. 
A harmonic map / G H l,2 {Q,, N) satisfies 

(10) / ((df,d^)-(IIof(df,df),^))dw = 

Jn 

for any ifj G Hq 2 n C (O,lR fc ), where II is the second fundamental form of 77. 

Set K a = {a < \z\ < 1}, cr > and we consider M fc -harmonic maps H u and -ffj, on K a with 
H v \dK a = fu\dK a and H v \dK a = ^lajY^) where v G (0, cr). Let H : B — > M fc be harmonic with 
|as = H^lae = i?v|aB = x . Then {-Hi/} have the same modulus of continuity up to 
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dB, and we have \\H U — H\\qq.k —* 0, \\H U — H\\ c o. KrT — > as v —* 0. Furthermore, for 
-X* := (/i/ - S" 1 ) + - G ^o 1 ' 2 n C°(^ CT ,K fc ), we obtain 



< ||/, - ^Hco.^ + ||.ff„ - H\\ c o. Ka + ||# - fl^llco^ -> as v -> 0. 



Now consider 



A', 



-II 



When v — > 

|J| < 

(11) 



(IIof„(df u ,df u ),X u )duj 



Ka 



+ 



[ {IIo(d3 rl ,d3' 1 ),X v )duj 



= C(||/i/[|l,2;0)> ll^ lll^o)!!^!!^ ;^) 
from (jlUp . Moreover, since — is harmonic in R fc , 

(12) |//| < f d r (H v -H v ) M\fu - ^Wc^Ka -*0 as ^ 0. 

Thus J^. |d(/, — J^^dw —* 0, and Iff/^eL; — > J^. jdS" 1 ] 2 cLj, for any K a . Since 
j B {d^^du —* as <7 — ► 0, we obtain \df u \ 2 did — > j B | d^ 1 1 2 as f — > 0. Similarly 
X4 , |^p[/| 2 ^ — * | cKF 2 | 2 gL> as i/' — ► 0. 



Now to the uniform convergence on 3M" £ (xq). Replace f(A p ) by £?(p, r)(for (CI)) or N (for 
(C2)) in the proof of Lemma 12.21 Then, ||3 r p(x 1 ,x 2 )||//i,2 < C uniformly on N e (x l ), where 
the constant C depends on x l , while s does not. The convergence in (HH), (fT2"j) is uniform on 
N £ (xq). The proof of (B) is eventually completed. 

C-I)The set-up. 

We must show that for x l G M % and £ l G T^i , 

(S x iE p ,C ) — ► ) uniformly on N e (4) CM ! ,i = l,2 as p -> 0. 

It suffices to show the assertion for i = 1. We know that 

(«5 xl £ p ,e 1 )= / (d? p (x\x 2 ),VJ? p (e,0))hduj+ f (d? p {x\x 2 ),V3? p (t\ti)) h dw 

(d? p (x\x 2 ),VJ? p (ti\0)) h du;+ [ (dg uf ,VJ gi/ ,(0,C vl ))du, 

n) JA, 
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where <v(-) = ? p oT(-) and t u ,(v'e ie ) = Jj-,^ 1 , 0)(i/e*) with v' := Observe Jj- p (^ 1 ,0)o 
T is a Jacobi field along g u i , by the conformal property of T. 

C-II) The convergence of Jacobi fields. 

First, let V u := J^^ 1 , 0)|a„ = v^-^of Ul for which we will show the existence of a v o G (0, 1) 
giving 

(13) || DV v \\l := [ h aP o Uv^v^cLu < C for all u G (0, v ). 

JA V 

By direct computation \\DV v \\l < CE(V U ) + C(N, \\V u \\ c o, \\f u \\ c o, E(f u )). Since Lemma EH 
yields HV^Hc-o < ||Cillc°) we om Y need to show that 



(14) E(V V ):= f \V f »V u \ 2 dLU <C, v G (0, 

JA V 



Let X v := o f v G H^ 2 (A U J*TN), where a#(z) := v% uo {t%° {£)) , v < \z\ < 1 (see 

section [2721 for the definition of t 2 ^ ) and s"(z) := 0, v < \z\ < z/ . Clearly, HDX^ 2 , < 
C(i*,iV)||W 2l J|lfora]li/<i*. 

By the minimality property of Jacobi fields and Young's inequality, 

(|V^(K)| 2 - (trR(df u ,V u )df u ,V v ))dw < f (IV^PQI 2 - {trR{df v ,X v )df v ,X v ))dw 

An </ Ai/ 

< J a Kp o fvx^x^duj + e ° U\ 2 h du) + e' 1 J ^ |a^/jr^ o f v -^ o f v \\dw 
+ [ Kpo f u xZx X J^T« 5 o f v T{ o f v dw - [ {trR{df v ,X v )df v ,X v )doj 

J A„ J Ay 

< C(N,e, \\U\\c°,E(f v ), \\V 2vo \\ c0 , \\DV 2vo \\ 2 2 ). 
But E(V V ) < C, v G (0, v Q ), since 

{trR{df v ,V v )df u ,V v ))duj < C(N, \\f v \\ C °,E(f„), ||^|| C o). 



Therefore we have (fT3j) . and this means that {(v")!^ < ^o} a =i,- ,n has the same modulus of 
continuity, see the argument in 5-III) and Lemma 12.61 

With the same charts as in (B), ( v ^(p\) £ v < are weak solutions of the Jacobi fields 
system with uniformly bounded energy and same modulus of continuity on K a = {a < \z\ < 
1}, with a > for small p, again by Lemma l2~6l Just as in (B), {V u } converges to the Jacobi 
field along 3" 1 |_b\{o} with boundary and for Jgn^ 1 ) =: «j a ^ o? 1 , we have 

||«(z)) - (w a (z))\\ c0 , Ka - 0, \\(v«(z)) - (w a (z))\\ c ^ K -> 0, as u(ar p) -> 0, 



on any compact isT C -B\{0}. 

C-III) The convergence of derivatives. 
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Taking K a as above, we denote f u \K a and 3 \k„ by f v and 3 , respectively. 

Note that expgn : U(0) — > if 1 ' 2 Pi C (K a , N) is a diffeomorphism on some neighbourhood 
U(0) G H 1 ' 2 r\C°{K a , (3*yTN), because d(exp^) = Id. Moreover, H/^-^VJI-ff^nCQ -» 
as v -> 0, so there exists G # 1,2 n C ^, (3 1 )*2W) for small z/ > with exp^i = /„. 

The mapping £ i— > (iexpgn ^ depends smoothly on £j, G T^H 1,2 n C°(K a , N), so dexpgn ^ — > 
Id in ff^nC ^), since f„ -» in H^nC ^, (^TN) as i/ -»• 0. For W v := 
3" 1 := dexp"^ (T^) we have ||w;°(z) — w a {z)\\ c o. Ka — > by C-II). Moreover, dS -1 — > df u in 
L 2 , thus (ciexpgri ^(diT 1 ) — df u \ 2 duj — >■ 0. 

We next observe, for V s * W„ = (ta^ + ^(S 4 )^^? 1 ))^ ® ^ o 3 1 , that 

(15) / |dexp^i * (V s * W„) - V^Kpdw as i/ 0, 

since 1 1 — /j/||i,2;o — ► 0, dexpgn £ w — > Id in C , ^(dexpji ^) — ► di(Id) = in L 2 . 

Thus, for ^ G ff 1 ' 2 n C°(K (T ,T*M ® /*TJV) with |JT„| 2 dw -> 0, |y„| 2 cL; -> 0, 

dexps^dJ 1 ) = d/„ + X„, dexp^^(V^W u ) = V f "V u + Y„. 

Gaufi lemma prescribes that (dJ 1 ,V^W v ) h = {df v + X„, V f "V v + y„) ft . Thus the Holder 
inequality and (fT4"|) give 

(16) < £;(^ 1 )||v 3f V,-v :J ' 1 j 5 a(e 1 )IU 2; ^ + (i). 

In order to estimate the last term, consider A u := a" 3^ 3" 1 and ^ := oP 1 -^ o 3F 1 such that 
dri{ a v-^ 3" 1 ) and ^(a 01 -^ are harmonic in R fc with A v \g Ka = W V \ QK<J , A\ dKa = 
W\ 8Ka , for := J^ 1 ). Clearly, ||dr/(A, - A)|| 1)2;0 -> 0. 

Now, consider a test vector field Z„ := — W — A v + A G tf 1,2 n C°(i^ CT , (^)*TiV). 
Observing that and V v are Jacobi fields along 3 :l \K rT and /^(^ respectively, we have 

I {v 3r \w v -w),v* 1 z v ) h du 

= [ {{V^W u ^ 1 Z u ) h -{trRoj\W,dJ 1 )d3\Z u ) h 

-{V f "V u , V fv (L v (Z v ))) h + (trR o f v (V v , d$ v )df v , (L v (Z v ))) h }dw 
= f {{V^W v ,V 3:1 Z v ) h -{trRo3 1 {W,d3 1 )d3 1 ,Z v ) h 

-(V^L- 1 ^), V^Z u ) h + (trR o f u (V u , df u )df u , (L„(Z v ))) h }du + o(l) 
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with L u := dexpg-i ^. This expression converges to as v — > 0, since L l/ 1 (V r Jy ) = W u , 
\\ Z v\\c°;K„ -> and H^lllAO, ll^llco, ||/i/||l,2;0, ||K||c° < C for au v € (°j ^o)- 

Moreover, J K (V 3 " (A v - A)\ 2 h (ku -> 0, since ||d77(-Aj> — ^4)||co —* and because of (pp). Thus, 
()16p converges to for each a G (0, 1). Now let a — > 0. Then 

since / B (d^ 1 ^ 1 )) VJgafc 1 )}^ — ► as <7 — ► 0. 

In a similar way, f A f {dg v i, VJ Si/ , (0, (, u i))dui — ► J B (d3 r2 (x 2 ),\73^2(0))hdio = 0. 
The uniform convergence on 3M" £ (xq) is clear. 

In this manner we could also show that b~ x i£. p , S x 28, p are continuous with respect to p G (0, 1), 
and uniformly continuous on N £ (xq). This concludes part (C). 



(D) Along the lines of |St3j . the differential form 

i-p 



(it) ^^=rf p 



proves (D), bringing to an end the proof of Lemma 13. 11 □ 
3.2 Critical points of £ 

For given Jordan curves ri,r2,r in (N,h) with dist(ri,r2) > 0, we consider the Plateau 
problems T(T 1 ,T 2 ) and 3>(r). 

We define for x = (x 1 ,^ 2 ,/)) G M, 

(18) 9i (x) := sup (-{S x iE,C}), * = 1,2, 

lien < ^ 

• \ o P = o, 

g(x) := Y? j=1 gj(x). 

In the definition of li of section I2T21 we can clearly require that li < {l,ir(Ti)}. Note that 
9j > 0, j = 1,2,3, because gi(x) < 0, i = 1,2 would imply (&,.»£,£*) > cr > for all £ l G T x i 
with ||f || < Z;. Since T^i is convex, (5 x i8,,t£ l ) — icr > u, i G [0, 1], a contradiction. Clearly, 
53 C^) > 0. Now we are ready to define the critical points of £. 

Definition x G M is a critical point of £ if <?(x) = 0, i.e. = 0, j = 1, 2, 3. 

Lemma 3.2. TTie functions gj are continuous, j = 1,2,3. In particular, as p — > po G [0, 1), 

gj(x 1 , x 2 , p) converges uniformly to gj(x ,x 2 ,po) on J{ £ (x t ), i = 1,2, /or some small e > 0. 
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Proof. The uniform convergence of Qi follows immediately from the uniform convergence of 
d x i£,, see Lemma [3Tl (C). 

Let {x n } = {(Xn,Xn, p n )} C M strongly converge to x = (x l ,x 2 ,p). From the above, 
gi(xi, xl, p n ) -> gi(xi,xl,p) uniformly on {n > n }. 

Let x n := (a:* , xl^, p) and exp^i = x % . Observe that dexp x i ^ — > Id in i?2> 2 n C°, hence for 
some to independent of n > no, Ilio^exPr* £* i.Vn)\W i < k ^ WvIiIIt ■ < h- Note that is 
convex and contains zero. 

Then by Lemma |3. II (A), for given 5 > there exist to(6) and no(<5) as above such that for 
each H^Ht i < h with n > uq(5), 

x n 

-{8 x iZ(x n ),rf n ) < -(5 a ,<£(aj) ) dS$ a .^i(f^)) + 5 

< -fe^aj.to^i,^ (Vn)) + 25 < gi{x) + 25. 

This implies gi(x n ) < g%{x) + 25. On the other hand gi(x) < gi(x n ) + 25, so gi(x!^,x^, p) — > 
g-i{x l , x 2 , p) as n — » oo. 

Together with the above uniform convergence on 3sf e (x J ) for y9 n — > p, we infer the continuity 
of <7j, i = 1,2. The continuity and uniform continuity of 53 are easy consequences of the 
expression of J^£. □ 

Proposition 3.1. x = (x 1 ,^ 2 ,^) G M 1 x M 2 x [0,1) is a critical point of £ if and only if 
3 f p {x l ,x 2 ) (for pe (0,1)), resp. 9* (a;*) is a soktacm o/0 3 (ri,r 2 ), resp. O 3 ^),? = 1,2. 

Proof. (I) Let x = (x 1 ,^ 2 ,/)) G M 1 x M 2 x [0, 1) be a critical point of £. From |HKW] J 
is continuous up to the boundary. We must show that 3 r p (x 1 , x 2 )(for p > 0) and !P(a; 1 ) are 
conformal. We will show this only for 3 p (x , x 2 ), the other case being analogous. 

For x G JVC critical point of £, we have 3 p {x l ,x 2 ) G H 2 > 2 (A p ,R k ) from Theorem IA.ll The 
condition 7* G C 3 ,i = 1,2 will be essential. Taking £ x G T^i, and denoting 3~Jx ,x 2 ) and 
J^pC^jO) by J p and J p , we compute ^ G T^i, 

(^S.C 1 ) = / (d? p ,V jL d? p (<^ xl te,x 2 )\ t _ Q ) h du= f (^-^Vj^J^Mhdu 
Ja p dt ' Ja p oz l a** 

^ div((^- T y p ,J :rp (e 1 ,0)) ?i ,,(^J p ,J ?p (e 1 ,0)) ?i )^ (since V_^^-J p = 0) 
(19) = / {^ p n,e)hdu. 

JdB 

The work in |Stl] leads to the conformal property of 7 p . 

(II) Let 3~ := 3~ p (a0(resp. 3 i (x i )) be a minimal surface of annulus (resp. disc) type. By [HHJ, 
3" G C l (A~ p ,N) (resp. C 1 ^,^)). Conformality implies ff • ^ = 0, and HE) says that 
(71 (x) = 0,(72 0*0 = 0. That (73(x) = follows from using (fT7|) as well. □ 
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4 Unstable minimal surfaces 
4.1 The Palais-Smale condition 

By the conformal invariance of the energy function E, the Palais-Smale (PS) condition can- 
not be satisfied in the former setting for £ (cf. |Stlj Lemma 1.4.1). Hence we need the 
normalization used in |St3] : With P\ G Tj fixed, k = 1, 2, 3, i = 1,2, let 

AT* = K G M* : x'(cos 27r(A; ~ ^ , sin 2 ^\~ 1} ) = P{ G r is fc = 1, 2, 3}. 
Now define 

M* = {x = (x^x 2 ,/?) G M : x 1 (l,0) = P\ G Ti}, 
3M* = {x = (x\x 2 ,0) G dM : x 4 G AT*}. 

Given x G M* and x G c?M* we take the variations from T^M = 7 x i x x R and T^dM = 
Tj.1 x T x 2 respectively, namely we use the original tangent spaces. 

We consider the following topology: 

• A neighbourhood U £ (xo) of xo = (xq,Xq,0) G <9M* consists of all x = (x^x 2 ,/}) G M* 
such that p < e and for each i = 1,2, inf j a n a \ ||£P(x l ) o a — ^(x^Hi^ < s, where a is 
a conformal diffeomorphism of B. 

• A sequence {x n = (x^,x 2 ,p n )} C M* converges strongly to x = (x^x^O) G dJA* , if 
all but finitely many x n lie in U £ (x), for any e > 0. 

With respect to this topology gj,j = 1,2,3, are continuous and uniformly continuous as 
p — > po G [0, 1) on some e-neighborhood of (x 1 , x 2 ), because of Lemma I3T21 and the invariance 
of the Dirichlet integral under conformal changes. 

Proposition 4.1 (Palais-Smale condition). Suppose {x n } is a sequence in M* such that 
£(%n) ~* /3, g( x n) — ¥ 0, as n — > oo. Then there exists a subsequence of {x n } which converges 
strongly to a critical point of £ in M* . 

Proof. We prove this for the case {x n } C M* with < p n < 1, £(x n ) — ► f3, gj(x n ) — > 0. If 
{x n } C <9M*, the proof is similar. We may additionally suppose that p n — ► p. 

Note that p cannot be 1, i.e. < p < 1, because for any x = (x l ,x 2 ,p) G M, < c£(x), 
since < dist(ri,r2). More on this can be found in [St3j, Lemma 4.10. 

Clearly J A \dr] o ^(x 1 , x 2 )\ 2 doj > ^ {dK^x 1 , x 2 )\ 2 duj > C(p)Ej f B \d£K{x l )\ 2 . Thus 
Proposition II. 2. 2 of [Stl] guarantees that for some subsequence {w l n } with ^ l (w % n ) = x l n , we ei- 
ther have ||i<;^—w*||(70 — * with 7*0-0/ g H2 ,2 nC°(dB,Ti), or x l n = 7 l °w l n — > const. = a, G Tj 
in L l (dB). Therefore we have to distinguish four main cases, each divided in sub-steps. 

(case 1) Let p G (0,1) and \\w l n - w l \\ c o — > 0, i.e. ||x^ - x^l^o — > 0, x* G H^' 2 nC°, i = l,2. 
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r<(0) r w*(8) 

First, 7*«(0)) - j l {w l {9)) = df(w l n {9)){w l n {9) - w l {9)) - I / d 2 f(w")dw"dw'. 



w*(6) Jw' 

=:/* * » ' 

In addition, J Ap \dX p (Ill Ilfifdu < C(p)(\\X(Ill)\\l 2 . + ||5f(7^)||? j2 . ) -0, 
since ||J7*||i < C\\wi - ^|U(|<|i + It^l i) by [St2] (3.9). 

2> > 2 2 

Let t ^-ri • = ^"Co 5 5 *^ ' = ^-p(-^ j ^ ) ? 3~n ■ = (*^n J ^n) ■ ^ AT( C ► 1R ') . 

Since !K n — !H is harmonic on M fc and J*^ (d!K, d(J{ n — l H))duj = o(l) as n — > oo, 
/ \d{'X n -'K)\ 2 duj= [ (d? n ,d(X n -W))cLj + o(l)= f (d& n ,d(M p (I*X)))du + o(l). 

Ja p JAp JAp 

Now consider C n ~4 G ^ and set J n : = Js>(£n>°)> J 2 := J^ p (0,^). Then 

(dJ n , d-Kp {llj 2 n ))duj= j (dX n , d'Kp (I* ,0))du + {d$ n ,d3C p (0,I 2 ))du 

= [ -(d? n ,dJl)(kj+ [ (IIo? n (d? n ,d? n ),Hp(llO)+J 1 n )cLu 

J A p JAp 

+ [ -(d? n ,dJ 2 n )du + j (IIo? n (d? n ,d? n ),Wp(0,ll)+J 2 n )dLj 

J Ap J Ap 

P)IICIIl,2;0 + C '(ll 9: n||l,2;o)||Cnllco 

< C 9l {x n )\\t\\ i, 2;0 + C(||^|| l!2;0 )||4 - x% , 

where C is independent of n > uq, for some no- This follows from the observation (Remark 
12.11 Remark 12.21 and Lemma l3.2p that \\x l n — x l \\^o — > implies the uniform convergence of 
gifan, x 2 , Pn 1 )) on {x^Jra > no} as p n i — > p. Moreover ||££J| are uniformly bounded. 

Therefore f A \d{3i n - "K)\ 2 du -> 0, and x\ x i strongly in H^< 2 n C°{dB,R k ). 

(case 2) Let p G (0, 1), {{x^ - x 1 ^ — > 0, x^ = ~f 2 ° w 2 —> const. = a 2 G T 2 in L 1 (9i?,lR fc ). 

I) We first claim that 3" := 9" /3 (7 1 o io , a 2 ) is well defined and conformal. The proof is split 
into four steps I-a) — I-d) . 

I-a) Let x 2 n : = 72 o w 2 , a 2 := 7 2 o w 2 and 3~ Pn := 3~ Pn (a^ , x 2 ). 

There must exist #0 G [0, 27r](= 95) such that | lim<j_><9 0+ w 2 (9) - lim e ^e _ w 2 (9)\ = 2tt. By 
the Courant-Lebesgue Lemma, for given e > there exists r n G (5, \^5) for small 5 := 5(e) > 
such that with B r := B rn (9 ) C M 2 



„1 Ji \ ^ r< ^ ( x ni x "ni Pn) ^ C_ 

ln^- 1 ) - In(5- 



(20) oscA^oB^pAxlxl) < C ^Z) s -\s ^ TTT^n < e - 



For e := i C 2 := 9B Pn \B rr! U (A p „ n dB r J, Y 2 := J Pn (C 2 ) we see that dist(y n 2 ,a 2 ) 
as n — > 00, and the energy of SFpJc 2 converges to 0. 
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I-b) Let "K Pn := l K Pn {x 1 n ,x 2 n ), 'Kn := l K Pn {x 1 ,a 2 ), 3~ Pn := 3^(x„,x^). As above, we can say 



\d(K Pn -K n )fdu; = / (d? Pn ,d{K Pn -'K n ))du + o{l) 

Ap„\-B rn J Ap n \B rn 

(d? Pn ,dX Pn (ll,? Pn \ C 2 - a 2 ))du; + 

Ap„\B rn 

where K Pn (I^, ?p n |c 2 — a 2 ) : A Pn \B rn — > M. k denotes the Euclidean harmonic extension with 
I* on dB and J ' Pn \ C 2 - a 2 on C 2 . 

Let J n := Jg^^^O) with := —I* and / n := J n |c2- Since ||x„ — x^lc* — * 0, it follows 
1 1 In lie — > as n ~ ¥ 00 • We can then estimate further 

f (d? Pn ,dX Pn (I n ^ P M-a 2 ))dLU 



= / -(d& Pn ,dJ n )dw+ / (d3 Pn ,dX Pn (ll, -l n ) + dJ n )du 

A pn \B rn J A pn \B rn 

+ [ (d? Pn ,dX Pn (0,l n + ? Pn \ c2n -a 2 ))du 
= [ -(d? Pn ,dJ n )du;+ [ (IIo^id^d^X^li-Q + ^Jduj + oil) 

J A Pn\ B r n J Ap n \B rn 

(observing that / (d$ Pn , dX Pn (0, l n + $ Pn | c a - a 2 ))cL; = o(l)) 

A Pn\ B r n 

= / -(dJ Pn ,dj n )^ + o(l). 

Notice that nBr —(dJ Pn , di n )du ->0asn^oo with r n — ► 0, so 

I \d(X Pn -X n )\ 2 cLu = f -(d? Pn ,dJ n )du + o(l) 

•* A Pn \B rn J A Pn 

< 5-i(4,4,Pn)||Cnlll,2;0 + °( 1 )- 

Therefore lim^oo J A ^ \d{"K Pn -'R n )\ 2 duj = and x\ -»■ x 1 strongly in F!' 2 nC°(&B,R fe ). 
Moreover, by Lemma 12.21 the iV-harmonic map 3' p (x 1 ,a 2 ) is well defined. 

I-c) We shall investigate the behaviour of Jacobi fields. 

For large n > no, exp^iTy* = x\ for some % S with ||dexp z i (p 1 \\ < h, \\ < l\. Since 
4 -» x 1 in #i 2 n C°(dB,R k ), dexp x i j?? i -» Id in H^ 2 n C°. Defining o J p J := 

/ h a g o ^^v^v^du < C independent of n > no- 

JA Pn 
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From the Courant-Lebesgue Lemma and v"\q b = 0, 



r C C 

h a po? Pn dev%d e vPd9<—j and ||(<)|| c0(Br _ n(flo)nApJ < -— 

J 0(B r - n r\Ap n ) ! ! 



for some f n G (\/<5, V \/5). Hence, from Lemma [2~6| E(J^ pn (dexp x i^i eft 1 , 0)\B r - n ) is less than 
pjf^y- The same holds for E(Jj- pn (dexp^i ^i 1 , 0)|s rn ), since r n < r^. Now choose 5 so that 



c <e:=i 



IM 

I-d) Let "J Pn := 3' Pn (xl l , x^). The Holder inequality gives 



= lim g (x n ,x n ,p n ) 

n^oo 

- »&Sb(~~/ (^Pn^J^^Spxi^i'A 1 ^))^ - / (d3" Pn ,dJ 5 - pn (delq3 :r i i , ? i0 1 ,O))(iw 

= lim ( - / (d3p n ,dJgr Pn (de3qv i^ 1 , 0))tiw - o(l) 



(d?, dJ?{0\O))dLu. 

The computation in Theorem IA.1I yields := 3 r p (x 1 ,a,2) G H 2,2 (A p , N). Just as in Proposi- 
tion Owe have (ff, w)h\dB = 0, and clearly (||, $f)/,|aB p = 0. 

As a consequence 

Wre") = r 2 |— J| 2 - I— J| 2 - 2ir(—3 
^ re ) \ dr J\h \ m *\h Zir \ d r 'd6 /h 

is real constant. 

Going back to the expression for in Lemma 13.11 the holomorphic function <E>gr must be 
0, provided we show ^£(x 1 ,a2,p) = 0. For this one can adapt the argument of [St3j . Thus 
9" := 9" p (x 1 ,a2) is conformal. 

II) A harmonic, conformal map 5" := 3 r p (x 1 ,a 2 ) G H 1,2 n C°(A p , N) must be constant. To 
prove this we reproduce Theorem 8.2.3 of [Jo] . 

Consider the complex upper half-plane C + = {9 + ir\r > 0} and let 

J((r + p)e ie ) =: X(9,r), well defined on Kx [0,1- p] 

with X(6?,0) = 3(pe ie ) = a,2 and ^j^r|{ r= o} = for each m. Choosing an appropriate local 
coordinate chart in a neighbourhood of a>2, we may assume that X(9,0) = 0. Since 5F is 
conformal and harmonic, 3~U p uaB p G C°°([HKW]), and by simple computation, -§q^X = 
J^X = on {r = 0}, m G N. 

For given p G (0,1), let ft := {6> + ir|6> G M,_r G [0, 1 - p )} and ft" := {6 + ir\9 G 
R, -r G [0,1- p )}- Extending X to ft U ft" =: ft by reflection, we see that X G C°°(ft, N). 
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From the harmonicity of 3~, \X Z g\ < C|X 2 | holds. Furthermore J^-X(O) 



^X(O) 



dr 







and lim. 



',r)-*0 



X(z)\z\ 



for all m £ N. Hence X is constant in Q by the Hartman- 



Wintmer Lemma (see [Joi). This holds for each po E (0, 1), so we get £F = a2 on ^4 p . But this 
contradicts the assumption dist(ri,r2) > 0. Therefore case 2 cannot really occur. 

(case3) Suppose that x l n = j{ o w\ — * const. =: a« E r, in = 1,2. Similarly to 

case 2, this will lead to a contradiction. 

First of all $3- is a real constant for 3" := S^a^a 2 ). Supposing that 4 L E(3^) 7^ 0, we have 



I r27T H-t N_S_rt- 
I JO Jp+5 V\dr- J P 

n > tiq. Let 



1 I— 3" 



rro 



lw 1— p— <s 



dp 

drd0 = C > for some fixed t, <5 > and large 



T O T P+S 
J Pn ° T (T;l-t 



on A-i-u 
on yl^^i-t, 
VpnV^rJ) on 



where T^^_ t is a diffeomorphism from [cr, 1 — t] to [p + 8, 1 — t] . Then 



2tt 



1-t 



P+<5 



\ u r J p n 



1 - t 



l-t-p-8 



drd6. 



Since 3~n +<5 = 3> n it follows that 



Pn\gz{x n )\ = \p n -^E{J pn 



I cr=p„ 



\(p + S)-^E(^+ s )\>C>0, 



contradicting the assumption g-z{x n ) — ► 0. Thus, 9^(01,02) is conformal, and we can use the 
argument of (case2)-II). 

(case4): Suppose that p = 0. 

For conformal diffeomorphisms T % n of B, !P(x l n ) o T % n = 3"*(x^) holds with x l n G M 1 *, i = 1,2. 
Furthermore x^ has a subquence converging to x l S M w uniformly. 

For given e > 0, there exist 5 > and uq such that for n > no, (x* , x\, p n ) 6 N^x* , x 2 , 0) and 
|g(x^ , x 2 , /9 n ) — <?(xi , x 2 , 0)| < e. Thus, from the topology of M* we have then g(x^, x 2 , 0) — > 
when n — > 00. 

Once again as in (case 1), some subsequence of x^ strongly converges to x* G M 1 * with 
g{x , x 2 ,0) = 0. This finishes the proof of the PS condition. □ 



4.2 Unstable minimal surfaces of annulus type 

This section contains three Lemmata, adapted from |St3j to our purposes, in preparation to 
the main theorems. Before that, we need some explanation for M* (see section HTTj) . 

I) The boundary dM*: 
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(i) For an element x % G M l , is a closed interval on the unit circle, since x % is 
weakly monotone. Let Q\ be the first endpoint of (x l )' 1 (PJ t ) relative to the positive 
orientation of the circle for each i = 1,2, A; = 1,2,3. Taking the conformal linear 
fractional transformation T x i of the unit disc which maps (cos 2?r( - 1 ^ , sin 27r ^ — ) to 
Q\ and the unit circle onto itself, we have x l o T x » G M l *. Moreover T^,;^ . = Id, since 
T x i is one-to-one. 

For x l ,y l G M l , we write x* ~ y l if x l o T!^ = y l o T y i, clearly an equivalence relation. 
Now we can quotient M % in such a way that each class possesses exactly one element 
from x i G AT*, denoted by [x*] G AT*, with ||[x*]|| = 1 1 cc* 1 1 . 

(ii) For x % G M l * and £ l G T x », ||£ l || < Zj we may calculate [expjuii^ 1 := [exp^i^] = [a?] G 
M", where exp^i^* o Tgjg .^i = x 1 G M w . We will denote this correspondence simply 
by exp^* = a?, which is clearly smooth, since T x % varies smoothly with x % G M % (cf. 
above). 

Now, for [x] = ([x 1 ], [x 2 ], 0) G <9M* with x % G M", we define g([x]) := g(x), where 
x = (x 1 , x 2 , 0). Recall that the Dirichlet integral is invariant under conformal mappings, 
so for ^ G 7 x i 

EaSxp]^ 1 ,^ 2 ]^) 

= E(^([^] [xl] te)) + E^ 2 ([x 2 })) =E{3\{^ xl te]))+E(3 2 {x 2 )) 

= E(3 l (x\)) + E{3 2 {x 2 )) = ^(elqv^ 1 )) +£(J 2 (x 2 )) 

where exp^i^ 1 oTg^ lt ^i = x\ G M 1 *. The same holds for £(x\ exp^t^ 2 , 0), £ 2 G T x 2. 
Therefore, g([x]) is well defined. 

II) The interior M*: 

(i) For x = (x 1 , x 2 , p)GM let be the first endpoint of (x 1 )~ 1 (P 1 1 ) relative to the positive 
orientation on the circle, and r x i the positive rotation of A p mapping the point (1,0) 
to Q\ of the unit circle. Then x o r x i := (x 1 o r x i,x 2 o r x i,p) G M* for each p G (0, 1) 
and r x i or 1 = Id. 

Since (x 1 ,^ 2 ,/?) and (x 1 o r^ijX 2 o r x i,p) can be naturally identified, it makes sence to 
define an equivalence relation x ~ y if x o r x i = y ° r y i holds, for x, y G M. In each 
equivalence class there is exactly one element from M*. 

(ii) For [x] = ([a; 1 , a; 2 ], p) with (x\x 2 ,p) G M* and £ x G 7 x i, we compute [exp] [ x ] , 0, 0) = 
([exp^i^ 1 , x 2 ], p) = ([expj.i^ 1 o r, x 2 o r], p), with r := ^1. Denoting this correspon- 
dence simply by exp a ,(^ 1 , 0, 0) = (exp^i^ 1 o r, x 2 o r, p) G M*, exp is clearly smooth. 

Let <?([x]) := g(x) for x G M* and observe that for G T x i 

£([Sq3]N(^ 1 ,0,0)) = £([Sxp ;El ^ 1 ,x 2 ],p) ^(^([elqv^x 2 ])) 

= ^(^(exp^i^ 1 o r u x 2 o r t ) = £(( ^(exp^ 1 , x 2 )) o r t ) 
= E(^ p (exp x it^,x 2 )) = S.{exp x it^,x 2 ,p), 
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where r t := r^ lt ^i is such that (exp^ii^ 1 o r t , x 2 o r t , p) G M*. Moreover, for £ 2 G T a .2, 
[exp][ x ](0, 0) = ([x , exp a ,2^ 2 ], p) with (ar, exp x 2^ 2 , p) G M*, so we can compute as 
usual, and g([x]) is well defined. 

Remark 4.1. Consider x G <9M* and y G M* as equivalence classes. Then for £ = 
(£\£ 2 ,0) G T Z 9M and £ p = (C 1 ,^ 2 ,/?) G T^M with ||f ||i )2;0 < k, we have exp x £ G dM* 
and expy^p G M* . Moreover, exp x and dexp x are continuous. 

And now we proceed with the results. 

Lemma 4.1. For any 5 > 0, there exists a uniformly bounded, continuous vector field 
e$ : M 1 x M 2 x [0, 1) — > T^i x T^/2 x M, satisfying local Lipschitz continuity on M and 
dJA (separably) with the following properties 

(i) for (3 G M i/iere exists e > snc/i i/tai y,s(x) = (exp^ie^x 1 ), exp x 2e 2 (x 2 ), p + e|(p)J G 
M(p) := {x G M|x = (x l ,x 2 ,p)} for any x G M(p) with £(x) < /3 and < p < e (that 
is, es is parallel to dM. near dM ), 

(ii) for any such (3,£,x and any pair T = (t^t 2 ) of conformal transformations of B, 
y s (x oT) = y 5 (x) o T, where T ((x o T) 1 ) = T^) o T, i = 1, 2, 

(Hi) for anyxGM, (d£(x), e 5 (x))-j x 1 x t 2 xM < 5 - g(x), 

(iv) for x G M* ana 1 y G <9M*, me /lave ys(x) G M* and ^(y) G dM* . 

Proof. The proof of the analogous result in [St3| can easily be adapted to our setting, 
because Remark 14.11 holds. 

Lemma 4.2. For a given locally Lipschitz continuous vector field f : M — ► 7m 1 x ^m 2 x ^ 
satisfying Lemma \4-l[ there exists a unique flow <I> : [0, oo) x M* — > M* with 

*(0,x)=x, ^(t,x) = fmt,x)), xgW. 

Proof. We use Euler's method. Define <l> (m ' ) : [0, oo) x M* — > M*, m > mo, by 

$ (m) (0,x) := x 

(21) := ^(^/(^(M^))), ,> 

where [t] denotes the largest integer which is smaller than t£K. This is well defined due to 
the convexity of 7 x i, x l G M l ,i = 1, 2 and by Lemma 14. II (iv). 

Recalling the map w l G C°(IR, M) with = 7* o n/, i ! £ M % (section [2.21 III)), consider 
W* := {w i G C°(M,R) : f ow i = x i for some x i G M*}, W := x W 2 x [0,oo). 
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Let j(w) := (7 1 o w 1 ,^ 2 o w 2 ,p) for (w l ,w 2 ,p) =: w £ W, 7 := (^ l ,^ 2 ,Id) and / : = 

(Z 1 ,/ 2 ,/ 3 ) with /*(«;*)_:= (dT*) -1 G C°(M/27r,K). Then there exists $( m )(t,u;) G 

W with $( m )(i,x) = 7(<3?( m )(t,u;)), so we can write (J2TJ) as follows: 

$(»)(*,«,) = $M ( M )tg) + m * - Hj($w ( H }) + ^ , e z . 

m m m 

When iG (i^pGZ, & m \t,w) =¥ m \0,w) + f*f(& m \ [ ^,w))ds. 

The compution now proceeds as in the Euclidean case. For any T > 0, G > 0, there exists 
C(T,G) with P (m) (-,^)llL-([o,r]x^,M) < C(T,G), w £ W with H| w < G. 

Let Li resp. L2 be the Lipschitz constants of / in {x G M | ||x|| < C(T, G)} and {x G 
I ||x|| < C(T, G)}, and call L := max{C(7 i )Li, G(y)L 2 }. 

For 2 < 1, [|$M (*,«;) - «,)|| < tL^C(/) + (•, «,) - *W(-,ii;)[U»([o,t],wo- 

Hence, for m, n > mo, we have 

_ £(»)(., u,)|| £oo([0)t]iW0 < t£(£ + f)G(/) + tL||$(-)(-,u;)-$W(-,u;)|| L o O([0it]iiy) . 

By choosing t < min{T, ^}, {$ (m) } converges uniformly to some function <E> on [0, t] x G 
W : ||w|| < G} as m -» 00. Then §fi{t,w) = f($(t,w)). 

For <&(t,w) := 7 o u;) G M , the uniform boundedness of / yields a flow such that 
j%$(t,w) = d r y(f(®( m Xt, w))j = f($(t,w)) for each x £ M. w) depends continuously 
on the initial data, and it can be prolonged for t > 0. □ 

The next result is slightly weaker than the corresponding Lemma 4.15 in [St3], but will 
nevertheless suffice for our aim. 

Lemma 4.3. Let 3~*(xq) be a solution ofP(Ti) for some x l £ M % , i = 1,2, and suppose that 
d := dist($ (xq),3^(xq)) > 0. Then there exist e > 0, po £ (0, 1) and G > 0, dependent on 
£(xq,Xq,0) such that for x l £ M % with \\x l — x l \\i 2 . =: s(x t ) < e, 

Cd 2 

8,(x\x 2 ,p) > 8.(x\x 2 ,0) + -—, forallp£(0,p ). 

\lnp\ 

Proof. Let 3 ' p := 3 p (x 1 ,x 2 ) 3' := 3^{x l ),i = 1,2. Choose o\ and 5 such that ^fp < 5 < 
°1 < \f\fP- For T(re ie ) := p-^ and a 2 := § , take := SpU^ and g a2 := 3 p \ Bs \ Bp (T~ l ). 
Then 

(22) £7(3),) = £(/<n) + £7(3- p | BctiXB J + £7( ff(72 ). 

We will estimate £7(3,,) in (I) — (III). 
(I) Estimate of E(f (T1 ) and E(g (T2 ). 

In order to control E(f ai ) we take ai G N with min ae 7v £7(3 CTl (x 1 , a)) = £7(3* CTl (x\ a\)) and 
let 3^ :=3 (T1 (x 1 ,ai). 
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Next, define 9 r J 1 : B — ► iV as follows: Let S^Jb^i be 3 r ^_ Bl , 3^ \b x \B ai be harmonic on 
iV with ^lafl! on dBi and ^(O) on dB ai , and set ^Jb CTi = 9*(0). Thus 



2E(3* - J 1 ) 



B\ \-Bcti 
7 



It is easy to see that b < C\ai\ 2 , since 3" 1 is regular on Bi. Notice 3^ 1 \b 1 \b c - £ -ff 2 ' 2 , since 

2 ^ 

3^ |sBi is regular and constant on dB ai . Thus, 

< CII^COj-^I^JIooai^CH 2 , with C = C(E(3\x 1 ))). 
Let Jijfl^ = ai, so that E^ 1 ) < E{3 l ai ) < E^fj. From LemmaES 

(23) E{^ ai - J 1 ^ E(3%) - Ei? 1 ) + o s (l)^ 

< EtftJ - Ei? 1 ) + o s (l) < E^ - J 1 ) + o,(l) < Ckil 2 + o s (l), 

where o s (l) — > as {{x 1 — Xq\\i 2 . =: s(x 1 ) — > 0. 

Since £(3^ - J 1 )!^ < CIcTil 2 + 0,(1), we have £7(3* - J 1 )^ < CM 2 + o s (l). 
For X 1 ^/^-S^, 



/ V(^ - ^)VX l duo <CoA! |V(/ CT1 - JiJl 2 ^ I < Co-! 



On the other hand, 
(24) 



9 r m -^W 



(Tl - CTi 

l-oi 



<(l-ai)/ V(^-^ 



< * _ 3-1) + ^(3-1 _ 3-1)) < Cax + o s (l). 



From the above consideratoins 



< II V? 1 !^ ||||(-ai + SFpl^JIki + Co-i < Co-i. 
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With C £R depending on E^ 1 ) 

(25) E(f ai ) = E(^ ai ) + f (V^.VlV^^ 1 )^^ 1 )-^!. 

Similarly E(g CF2 ) > E(3 2 ) - Ca 2 , and C depends on E(3 2 ). 
(II) Estimate of E( ? P \ B<T1 \B S )- 

From ([MD, \ai - a 2 \ > (^(O) - 3" 2 (0)| - \a x - 3^(0) + 9^(0) - a 2 || > d - o p (l) - o s (l). 
Let "K^{f,g) be the harmonic map on B a \B\ ) in M fc with boundary / on dB a and g on <9i?{,. 



Writing o\ =: a, 



--:t, 3\ 



= : q, we have 



/ (VttJ (oi, a 2 ), VJ£J (-ai + p, -a 2 + 

y (V^(0, -ai + o 2 ), V5C^(-ai + p(-o-), -a 2 + 9 (-<r))dw 



< 



2vr 
lnrl 



ai + a 2 |(| - ai + p(-<r)| + | - a 2 + g(-<r)|) < C 



:o P (i)+o fl (i)) 

|lnp| 



Moreover 



E{^{ ai ,a 2 )) > E(^(0,-a 1 +a 2 )) = E((-a 1 +a 2 )^)>^-C^° p{1)+Os{1)) 



ln/r | In p| 



\lnp\ 



Thus, 



(26) 



EPpIbabs) > E(X$(p,q)) = E(X$(ai,a 2 )+X$(-a 1 +p,-a 2 + q)) 



> 



7rd 



C 



O p (l)+O a (l) 



\lnp\ |lnp| 

with C depending only on E(3' t ), i = 1,2. 
(Ill) Estimate £(3p). 

From ([221), (123) and the choice made for <7j, i = 1, 2, 
£(*\* 2 ,p) > *»,(>) -Ca l + ^ 



|lnp| 



|lnp| 



|lnp| |lnp| 
for p < pq, some small po G (0, 1) and s(a; 1 ). 
Lemma 4.4. Wif/i i/ie same notations as in Lemma \4-3\ 

E(? 1 a -? 1 ) = E(? 1 a )-E(7 1 ) + o s (l). 



|lnp|' 



□ 
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Proof. Let G 1 := S^o)- Note min aeN E^ixl, a)) = E(3 ai (x\, a 1 )), and let G\ x := 
$ ai (xl, a 1 ), Gl x \ Bai = a 1 . 

Since G 1 G # 2 ' 2 

0= f (VG l ,V(G l ai -G l ))duj = [ (II oG\dG l ,dG l ),G 1 ai -G 1 ). 

J B J B 

Note that \ffi ri — G>J|co — ► when ||xq — a^ 1 1 1 i 2 -o =: ~~ * J us t as i n Lemma [3TT1 ('By'. 
Moreover, HG 1 — 3^ ]|i 2-0 ^ as s(x 1 ) — > 0, so by the Holder inequality, 



/ (J/oJ 1 ^ 1 ,^ 1 ),^ -yi)^- / {HoG 1 (dG 1 ,dG 1 ),Gl 1 -G 1 )cb 
Jb Jb 

In this way 

/ (V^,V(^- J 1 ))do;= / (//o^ 1 (dJ 1 ,dJ 1 ),^ 1 -^ 1 ) = o s (l) 



o s (l). 



and 



□ 



2E{?1 1 -J 1 ) = /(V^.V^-J 1 ))^- /(V^.VC^-y 1 ))^ 
jb Jb 

= /(VJi 1 ,V(^ 1 -J 1 ))^ + o s (l) 
Jb 

= / |V^J 2 du;- / (V^.V^ - V^ 1 )^- / iVJ^dw + o^l) 
Jb Jb Jb 

= [ |V3*J 2 du;- / iVJ^dcj + o^l). 

JB JB 

We eventually arrive at 

Theorem 4.1. Zei ri,r 2 C (N,h) satisfy (CI) or (C2) and define 

d = M{E(X) \x e s(ri,r 2 )} 

d* = ini{E(X l ) + E(X 2 )\X i e%(Ti),i = 1,2}. 
If d < d* , there exists a minimal surface of annulus type bounded by T\ and r 2 . 

Proof. The PS condition (Proposition 14. 1|) and Proposition 13.11 allow to conclude straight 
away. For details we refer to |Stlj . □ 

Theorem 4.2. Let 3" 1 , resp. 3~ 2 , be an absolute minimizer of E in S(ri), resp. §(r 2 ), and 
suppose that dist(3 l ,3 2 ) > 0. A ssume furthermore there is a strict relative minimizer of E 
in §(ri,r 2 ). Then there exists either a solution o/IP(ri,r 2 ) which is not a relative minimizer 
of E in S(ri,r 2 ) ; i.e. an unstable annulus-type-minimal surface, or a pair of solutions to 
7(Ti), !P(r 2 ), one of which does not yield an absolute minimizer of E(in S(ri) or 8(r 2 ) y ). 
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Proof. Indicate 3 d :=3 l (x l ) for some x % G M % * , i = 1,2. For some y G M*, 9~(y) is the strict 
relative minimum of E in S(ri,r2). Clearly, y is also a strict relative minimizer of £ in M*. 
For x = (x \x 2 ,0), consider 

P = {p G C°([0, l],M)|p(0) = x,p(l) = y}, 

and 

/? := inf max E(p(t)). 
pePte[o,i] 

The PS condition implies that if /3 > max{£(x), £(y)}, /? is a critical value which possesses a 
non-relative minimum critical point. Actually (3 > £(y), since y is a strict relative minimizer. 
See |Stlj chapter II and [Kil] for details on that. 

Supposing that any solution of J > (Fj) is an absolute minimum of E in S(Fj), we have a 
solution of y{T\,T2) which is not a relative minimum of E in S(Fi, I"^), by the .E-minimality 
of harmonic extensions. 

It remains to show that (3 := inf pe p max tg [ 0j i] £(p(i)) > £(x). We only need to consider 
Q = (q 1 ') Q 2 ''7 P) £ p([0) 1]) f° r some p G P such that £(g 1 ,g 2 ,0) < C, C a constant dependent 
on iV. 

Let £,po be as in Lemma |4.3| and consider the set of q's with \\q l — x % \\ > e for any absolute 
minimizer x = (x , x 2 ,0) of £ in <9M. Then there exists <5i > 0, dependent on e, such that 
£(^,^,0) > £(x) + Si for all but finitely many g's. If not, we would have a minimizing 
sequence converging to some absolute minimizer x, by the PS condition (Proposition 14. ip and 
Proposition 13-H contradicting the choice of q. 

Moreover, from the uniform convergence of £ on a bounded set of q l (see Lemma l3.ip when 
p — > 0, we can choose Si,pi with Si — Si > 0, such that for all p G (0, pi), {^(q 1 , q 2 , p) — 
&(q 1 ,q 2 ,0)\<S 2 . 

Let p :=mm{po, p\}. If \\q l — x % \\ < e for some x as above, it is easy to see that £(g 1 , q 2 , p) > 
£(x) + ^3 with ^3 > 0, by Lemma 14.31 If that were not so in fact, then E{q l ,q 2 ,p) > 
£(9 1 ) ( ? 2 >0) — S2 > £(x) + 5\ — 62, by the above choices. This completes the proof. □ 

Now we specialize the main result to the three-dimensional sphere S s and hyperbolic space 
H s , to which we can apply condition (CI). 

Example 4.1. Let ri,r2 C B(p, 7r/2) for some p G S 3 , in other words ri,T2 lie in a 
hemisphere. Then the conclusion of the main theorem, under those conditions holds. 

If there is exactly one solution to y(Ti), i = 1,2, our main theorem guarantees that the 
existence of a minimal surface of annulus type whose energy is a strict relative minimum of 
E in S(ri,r2) ensures the existence of an unstable minimal surface of annulus type. From 
|LJj . a solution to 7(Ti) is unique in H 3 if the total curvature of Tj is less than Air. Since 
i(j>) = 00 for all p G H 3 we conclude 

Example 4.2. Let rx,T2 possess total curvature < 4-7T in H 3 and dist^ 1 , 3~ 2 ) > 0. If E 
has a strict relative minimizer in S(ri,r2), then there exists an unstable minimal surface of 
annulus type in H 3 . 
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A Regularity of the critical points of £ 

This appendix is devoted to the proof of the following result, full details of which are found 
in [Kl2] . 

Theorem A.l. Let x = (x 1 ^ 2 ^) G M 1 x M 2 x (0,1) with g^x) = 0, i = 1,2. T/ien 
3p := 9p(x\x 2 ) belongs to H 2 > 2 (A p ,N). 

Noting that 3~ p is harmonic in N M k , i.e. Th(f) = 0, polar coordinates give 
|V 2 J P | 2 = \d r d5- p \ 2 + \\d e d? p \ 2 



< C(e)\A Kk 3 P \ Z + (2 + e)^\d d? p \ 2 + C(e)^\d e ? p \ 



1 i* a* |2 — 1 1 
< C(e,r/,A p )| a !J p | 2 + C(e, /0 )|a e dJ /;) | 2 . 
By a well known result of |GT] it suffices to show that 

(27) / \& h d3 p \ 2 du < C < oo 



where A^cKJp := d ^p( r < e+h ^ dy p (r,9) ^ ^ q an( j ^ ^ g independent of h. 
Following |Ho| . observe that 

Remark A.l. For 4> = (0 1 , <f> 2 ) G H^' 2 x H^ 2 (-) define 

(28) A(3 r p )(<^) := - / (IIo? p (d? p ,d3' p ),X)duj+ [ (d^ p ,dX)du;, 

J A p J A p 

where X is any mapping in H 1,2 (A p ,M. k ) with X\qa = <f>. Then the expression on the right- 
hand-side only depends on the boundary of X, since 3~ p in harmonic in N . □ 

In particular, taking ft G H^' 2 n C°(dB, {x^TTij.i = 1,2, we consider X : = Jg^ 1 , (j) 2 ), 
which is tangent to N along £F p . Since (II o 3 r p (d3^ p , d5" p ), J p (0 , 2 )) = 0, 

(29) A(J P )(0) = / (d? p ,dJ? p (ft,0))du J + f (d? p ,dJ? p (0,</> 2 ))dw 

J Ap J Ap 

Hence for a critical point x = (x l ,x 2 ,p) of £, A(3p)(£) > for all £ = (£\£ 2 ) G x ^x 2 - 
Lemma A.l. For each Pq G (M p i/iere exist Co,/U,ro > smc/i i/iat /or r G [0, Vq] 

(30) / (|dJ- p | 2 + IdFp^.O)! 2 )^ < Cor^ [ (\d2 p \ 2 + \dH p {w 1 ,0)\ 2 )duj. 

JA p nB r (P ) ' J A p 
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Proof of Lemma IA.1I 

Let Pq G C\ fixed, define B r := B t {Pq), and 



uji—Q- 1 w id , Wq := Wq + Id : R ^ E, 

J(B 2r \B r )ndB 
where I(B 2r \B r )ndB do := Then 

& := 4<K|e ie -Po|)] V-^o)^™ 1 G ^' 2 nC°(flB,/r(9B)), 

where is a map from <9-B to itself, and <p G C°° is a non- increasing function of \z\ satisfying 
< 4>(z) < 1, <j) = 1 if |z| < 2r, = for |z| > 3r, plus |#| < f and |(i 2 </>| < ^. 

Since (1 - (p^w 1 + 2 u^ G W^*, we see that dy 1 ^) G T^i, and A(3" p )(d7 1 (^), 0) > 0. 
For xl := ^(wl), 

x l -xl = d 1 1 {w 1 -wl)- / d 2 1 1 {s")ds"ds', 



=:a(w 1 ) 

and for small r > 0, 

A(J p )(<A 2 (5- p -^)| Cl ,0) = A(3- p )( (p 2 d 1 1 (w 1 -w 1 ),0)-A(3 p )(4> 2 a (w 1 ),0) 

< -A(^)(0 2 a(<AO), 

where 3^(A p ) = x\ G r x . 

On the other hand, for small r > 0, (j) 2 (3 p — 3^)|c 2 = 0> so we can take (p 2 (3 p — 3^) instead 
of 4> in the definition of A(3~ p ), to the effect that 



(cfd'Jp, d? p )du < / <0 2 (?„ - 3°), II o 5- p (^, d$ p ))du> 

J A p 

(31) -/ (2(f)d<f>(3' p - 3^ p ),d3 p )duj - A(3 p )((f) 2 a(w 1 ),0). 

JA P 

Now define a real valued map of (r, 0) G [p, 1] x R as follows: 

TV^M) :=flp(tS,O)(r,e)+Id(r,0) with Id(r,9) = 6, 

where H p (w, 0) is the harmonic extension to A p ~ [p, 1] x M/2ir with u; on 9i? and on dB p . 
In order to estimate — A(3 p )((p 2 a(w 1 ), 0), we consider 



** := 6 2 



' p 



/ / d 2 1 l {s")ds"ds' £H^ 2 {A p ,] 

Jwl Js> 
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with **|ci = <fi 2 ce(w 1 ),**\c 2 = 0, where ^(r, 6>) = + Id(r,6) = Wq+0, (r,8) G [p, 1] x 
an easy computation shows that 



|**| < C( 7 i ,x i )^|i/ p (u; 1 ,0) - wl\% 

l p {w\0) — Wq\ (f>\d(y\ v i ... ;|. <.!.!,,,.< . >» i|| ,., ()! ,uj « „| • ' ■ 

and from (I3ip Young's inequality implies 



< C( 1 \x 1 )\H p (w\O)-w 1 o \ 2 <f>\d0\+C( 7 \x 1 )\dH p (w\O)\\H p (w\O)-wl\ 2 ( p 2 



d^ p ,d3- p )duj < [ \dJ p \ 2 \ , 3 p -3* ) p \cp 2 du 

+| / |^|V^ + C( e ) / |3> - 3*| s 
+C\\H p (w\0)-w 1 \\ L o O{Bar) [ {\d^ p \ 2 4> 2 + \H p {w\Q)-wl\ 2 \d(p\ 2 )duj 



+C\\H p (w\0)-w 1 \\ L o a{B3r) / (\dH p (w\0)\ 2 + \d? p \ 2 )cb 2 du 

J A p 

+C [ iHpiw 1 ^) -wl\ 2 \d? p \ 2 <t> 2 duj. 

JAp 

Thus, for a sufficiently small r G (0, ro) dependent on e, C, and the modulus of continuity of 
"5 p — 3^ and H p (w 1 ,0) — uij, we have an estimate: 



(<p 2 d3- p ,d? p )duj <e / (|^p| 2 + \dH p (w l ,ti)\ 2 )4) 2 du 

JAp 

(32) +C(e) / (|J P -^| 2 + 1^(^,0) -^| 2 )|#| 2 ^. 

JAp 

This corresponds to (5.6) in [Stl] (Proposition 5.1, II). A completely similar computation for 
f A \dH p {w l ,Q)\ 2 (j) 2 dLu and f ApnBr{Po) {\d? p \ 2 + \H p {w l ,Q)\ 2 )duj eventually yields ([30}. □ 

Proof of Theorem IA.1I 

We will show (I27p by several steps. 

(I) With A_ h A h ? p \ dB = A_ h A hl l o e™ 1 and A_ h A h ? p \ dBp (-p) = A_ h A hl 2 o e™ 2 ('), 
/ \A h d'3 p \ 2 duj = - ( (d$ p ,dA_ h A h 5 p )<kj 

JAp JAp 

= - [ (IIo? p (d? p ,d? p ),A„ h A h ? p )du-A(? p )(A_ h A h ? p \ dA \ 

JAp 

Denoting 7 1 o e iwl , j 2 o e™ 2 by 7 1 (w 1 (#)), 7 2 (w; 2 (#)) and w l (- + h), w l (- — h) by w\, w l _ 
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respectively, we have: 



n J n J w i J w i 



= . pi 

Clearly d 7 i («; i )(A_ h A h «; i ) G iP^' 2 n C°(dP, (a;*)*^). 
Now define a map 5^,0) : — ► IR fc with boundary (P\0) as follows: 

5(P\0):=-- / A 1 (s')^ / -^p(A^,0) + A_,(- / / d 2 1 \s")ds"ds'). 

n JT 1 («> 1 )(-) A JT 1 ^ 1 ) JT^w 1 ) 

Similarly, we have a map 5(0, P 2 )(-) : A p ^R k with on C\ and P 2 on C 2 . 

By computation, ^-A_ h A h w l = \{w l _ +w l + ) — w\ and |(^L + w l + ) G V^ fc , noting that H 7 ^ 
is convex. Thus ^-d7 i (iw i )(A_ ft A fc «; i ) G by definition of T^,. 

As <7 1 (x) = g 2 (x) = 0, we have 

(33) A(J„) (d 7 1 (^ 1 )(A_ ft A^),(i7 2 (^ 2 )(A_ ft A^ 2 )) > 0, 
where we have dropped the scaling term (-) in relative to second variation. Now 

/ \A h d? p \ 2 dw = - f (II o 3 p (d? p , dJp), A_ h A h 3 p )dw - A(? p )(A_ h A h ? p \ dAp ) 

= - [ (IIo? p (d? p ,d? p ),A_ h A h ? p }du; 

JA P 

-A(^)(P\P 2 )-A(? p ) (d 1 \w 1 )(A_ h A h w 1 ),d 1 2 {w 2 ){A- h A h w 2 )) 
< - I (II o 'J p (d9 r p , d1 p ), A_f l Ah'3'p)doj — A(9" p )(P 1 , P 2 ) 

JAp 

(34) < - [ (H° ? P (d? p ,d? p ),A_ h A h ? p )cL; 

Ja p 

(35) + J (II o l J p (d9' p , d'Jp), 5(P 1 , 0))cL; + / (// o J p (dJ p , d3" p ), 5(0, P 2 ))dKJ 

J A p JA P 

(36) - / (dJ p ,d5(P\0))dj - f (d? p ,dS(0,P 2 ))duj. 

JAp JAp 
For the estimates of these terms we need some preliminaries. 
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First, let s(r) := t3" Pi+ + (1 - r)3" p , < r < 1. Then 

1 

'ft 



lAfc/io^dyp,^)! = |i{//o j P)+ (j Pi+ ,j Pi+ )-/io j p (dj p ,dj p )}| 



-{// o ? p>+ (d? Pt+ ,d!? P}+ ) - /J o g- p (dJ Pi+ , d? P}+ ) + 7J o s-„(d3> 1+ , d? Pj+ ) - ii o g- p (dJ p , d? p )}\ 



\dll{3 p ) ■ A h ? p (d? p>+ ,d? p ,+) + \ f f d 2 /I( S (r))|J Pi+ - 3 p \ 2 dTdt(d? p , + ,d? p ^ 

n Jo Jo 



+11 o ? p (A h d? p , d? p>+ ) + 71 o 3 p {d$ p , A h d? p ) 
< C(\\? p \\ c0{Ap) )[\A h ? p \\d? Pt+ \ 2 + \A h d? p \(\d? p , + \ + |dJ p |)]. 



Letting 



- / dVCs')^'—* and — / / d 2 7 V')^"^' : = 

ft Jt 1 ^ 1 ) ft Jr^iw 1 ) Jr 1 ^ 1 ) 



we have 

|*|<C( 7 1 )|£r A ,(A_ ft tB 1 ,0)|, |**| < C( 7 1 )|77p(A /lU ; 1 , 0)|, 

and 

< C(|| 7 1 ||c3)(|77p(A_^ 1 ,0)|| ( iF p (^,0)| + |d/f p (A_^ 1 ,0)|), 

< C(\\ 7 %2)\H p (A h w\0)\(\dH p (w 1 +,0)\ + \dH p (w\0)\). 

With all that, we can estimate (pMj) . ([55]) . (f3f)j) using a C G K, independent of ft. All-in-all 
then, 

(37) f \A h d3- p \ 2 dLu = eC I \A h d? p \ 2 dw + eC f \dHpiAhW 1 , 0)\ 2 du; + C(e)3 , 
where S stands for: 

(|dtf p (^,0)| 2 + |dtf p «,0)| 2 + |dff p (t2\0)| 2 + \dH p {Q,wl )| 2 + |dF p (0,^)| 2 + dF p (0,zZ; 2 )| 2 
+ ||dJ p | 2 ) • (|A h J p | 2 + \H p (A_ h w\0)\ 2 + |i/ / ,(A/ l w 1 ,0)| 2 + |# p (0, A_^ 2 )| 2 + \H P (0, A h w 2 )\ 2 )duj. 
(II) On dB we know that A h (^ ow i ) = dy^w^A^ + £ /J+ /< d 2 f{s")ds"ds', so 



7 / 



(38) Af l w i = |d 7 V)r 2 [^V) • A h J p - dfiw 1 ) • i / ; / d 2 f (*")**"<*»'] . 



Using T l (w l ) on the right-hand-side of (|38p . we get an H 1,2 (A p , ]R fc )-extension with boundary 
AhW 1 on C 1 and on C2, and by D-minimality of the harmonic extension among the maps 
with same boundary, it follows that 

/ \dH p (A h w l M 2 dw < c! [\dH p (w\Q)\{\A h 3 p \ + \**\) + \dA h 3 p \ + \d**\] 2 dw 

J Ap J A p 

(39) < C [ \dA h 3 p \ 2 du + CS, 

Ja p 
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again by Young's inequality. We van attain a similar estimate for f A \dH p (0, AhW 2 )\ 2 cLo . 
Using the estimate (|371) for f A \dAh$ p \ 2 doj, (f39l) implies 

/ \dA h 2 p \ 2 du + / \dH p (A h w\0)\ 2 du; + I \dH p (0, A h w 2 )\ 2 du 

J A p JA P J A p 

< eC I \dA h ? p \ 2 duj + eC I \dH p (A h w l , 0)\ 2 du; + eC I \dH p (0, A h w 2 )\ 2 du + C(e)H . 

For some small e > in the above formula we get the inequality: 

/ \A h d? p \ 2 du + / IdHpiA^^hW^fdu 
J A p J Ap 

< C(e) I [\d^ p \ 2 + \d3^ p+ \ 2 + \d^ p ^ 2 + \dH p {w 1 ,w 2 \) 2 + \dH p {wl,w 2 + )\ 2 

JAp 

+ \dH p (w 1 _,w 2 ^\ 2 ) ■ {\A h ? p \ 2 + \H(A_ h w\ A_ h w 2 )\ 2 + \H(A h w\ A h w 2 )\ 2 )du. 



Extend now 5 ' p to M. 2 \B p 2 by conformal reflection 



p 

z 
z t 

Z 



J p (z) = 9-p(^/> 2 ), if P 2 < k| < yo- 



Choose r E (0, min{^-, r }) , and tp G Cg°(-B 2r (0)) with y? = 1 on B r (0). 

We may cover j4 p with balls of radius r in such a way that any p £ A p lies in the intersection 
of at most k balls, for any r as above (recall M 2 is metrizable). Let B l denote the balls with 
centres pi and set (fi(p) := 92 (p — pi). Then 

/ |A h d5F p | 2 ^+ / IdffpCAh^.AfcW 2 )! 2 ^ 

JAp JA p 

< CT.il (\A h ? p \ 2 + \H(A„ h w\A_ h w 2 )\ 2 + \H(A h w 1 ,A h w 2 )\ 2 )<p 2 i - 

JM?\A p2 

(\d? p \ 2 + \d? p+ \ 2 + |dJ p _| 2 + IdffpCw 1 ,^ 2 )] 2 + |dflp(«J!j. ,™~ 2 )| 2 + \dH p {w l _,w 2 _)\ 2 ) dw. 

V v ' 

= :X 

By substituting |dJ p+ | 2 and \dH p (w\, w\)\ 2 (or \d$ p -\ 2 and |di/p(wi, w 2 _)\ 2 ) in Lemma 
IA.ll we conclude that x satisfies the growth condition of Morrey. Now applying Morrey's 
Lemma (1, Lemma 5.4.1 jMoj ) to \ an d (A/iCFp)^, x an d H{A_hW l , A^hW 2 )tpi or x an d 
H{Ai l w 1 ^ A^w 2 )ifi, and adding over the index i for some small r > 0, we obtain a constant 
C > 0, independent of < ho, such that 

lA^dJpl 2 ^ < C. 

□ 
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